Abstract. Trajectory optimization is an important problem in the field of aircraft design. Effective trajectory optimization is critical to the tactical flight of an aircraft. Based on previous research, this paper further studies trajectory optimization of an unpowered gliding vehicle. The goal is to maximize its range and to analyze the influence of different initial conditions on trajectory optimization. In this paper, the trajectory optimization model involving all kinds of state constraints and control constraints was established and aerodynamic coefficient was calculated by CFD software. Finally Gauss Pseudo-spectral Method program was run to calculate the flight path of the gliding vehicle and to seek trajectory with maximum range. The simulation data shows that results of Gauss Pseudo-spectral Method are realistic and prove its practical operability. The use of Gauss Pseudo-spectral Method for trajectory optimization has a good effect.
Introduction
In recent years, gliding vehicle technology has improved considerably and gliding vehicles have become more accessible for both commercial and military applications. [1] A gliding vehicle is a fixed-wing aircraft that derives forward power by a part of its own gravity during a descending flight. As the gliding vehicle has no power to drive, it can only rely on its own gravity component or rising air to move forward. So it is particularly important to reduce the drag during the flight process as far as possible. Design and application of the gliding vehicle in existence has been very mature. Generally, they have a long straight wing and a slim body to achieve relatively large lift-to-drag ratio.
The trajectory optimization problem is actually the optimal control problem. Trajectory optimization for gliding vehicles are currently studied by many researchers and the numerical algorithms of trajectory optimizations for vehicles have been summarized. In Reference [2] , basic principle, characteristics and application for all kinds of current trajectory optimization algorithms have been summarized. And besides, some new methods and theories appearing in recent years are also been introduced. [2] Numerical methods for solving optimization problems are mainly divided into indirect method and direct method. The indirect method satisfies the first-order optimality condition, but the solving process is difficult. Direct method transforms the optimal control problem into nonlinear programming problem by means of discretizing differential equations. The solution is simple and is not sensitive to the initial value. The representative direct method is the pseudo-spectral method, which includes Gauss Pseudo-spectral Method, Legendre Pseudo-spectral Method and Chebyshev Pseudo-spectral Method. The hp-adaptive Pseudo-spectral Method developed in recent years has a great advantage in solving optimal control problem.
A commonly used numerical method for solving the optimization problem is Gauss Pseudo-spectral Method (GPM). This method is used to transform the optimal control problem into a nonlinear programming problem by means of discrete differential equations. Reference [3] studies the effects that different wind profiles have on the optimum glide trajectory and on the state and control variables. Chebyshev Pseudo-spectral Method (CPM) is employed to transform the maximum range problem from its optimal control form to a nonlinear programming problem. [3] In Reference [4] , an 458 approximate optimal maximum range guidance scheme is proposed. The results are compared with the optimal results obtained by a Pseudo-spectral Method and error is very small. [4] In this article, the final goal of trajectory optimization is the maximum range. Range is an important performance index. Identifying the maximum range and an optimal guidance scheme is extremely important for unpowered gliding vehicles, which possess a limited amount of initial energy.
Dynamic Model
Dynamics of gliding vehicles is nonlinear, coupled and partly unpredictable due to the facts such as strong nonlinearity and high flight altitude, which makes the system modeling and flight control extremely challenging. [5] Suppose the influence of the earth's rotation is small and can be ignored, the dynamic model of the unpowered gliding vehicle during the gliding flight is established and dynamic differential equations are expressed as follows: [6] [7] [8] sin dr v dt
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Among the equations above, r, θ, ϕ, γ, ψ, v, m are geocentric distance, longitude, latitude, flight path angle, azimuth angle, velocity and mass of the gliding vehicle respectively. g is gravitational acceleration. σ is bank angle, one of the two control variables. L and D are lift and drag respectively, and are defined as:
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where ρ and S are atmospheric density and reference area respectively. C L and C D are lift coefficient and drag coefficient as functions of angle of attack respectively and they can be expressed as follows:
and C D2 are constants. α is angle of attack, the other control variable. Above five constants can be obtained by fitting the simulation data. In this article, a finite analysis of the model of gliding vehicle is carried out and the result show above five constants are 0.4429, 6.1993, 0.0368, 0.1831 and 1.6284 respectively.
459
To simplify the problem, the atmosphere density is assumed to be a simple exponential function. An exponential approximation of atmospheric density is expressed as: [9, 10] (11) where ρ 0 and β 0 are constants, h is altitude.
The atmosphere density is assumed to be a simple exponential function broken up into multiple layers. [11] The used atmospheric model is the 1976 US standard atmosphere. One of atmospheric density approximations for the 1976 US standard atmosphere is expressed as follows: [12] 
Research Method
In this article, the method of optimizing the trajectory of a gliding vehicle is Gauss Pseudo-spectral Method. In the GPM, the optimal control problem is discretized at LG nodes and then converted into a nonlinear programming problem by approximating the states and controls using Lagrange interpolating polynomials Lagrange interpolating polynomials. [13] The basic ideas of this method is introduced by the following. [14] The time interval of the optimal control problem is [t 0 , t f ] and it needs to be transformed to [-1, 1] by the Gauss Pseudo-spectral Method. The transformation can be expressed as: [13] 
An approximation to state X(τ) is formed based on N+1 Lagrange interpolating polynomials
where
The controls are approximated at the collocation points by using a basis of N Lagrange interpolating polynomials ( )( 1,..., )
can be expressed as:
By differentiating Eq. 14, the derivation of states at a set of collocation points need to be satisfied exactly as the dynamic equations. [14] 460 0 ( ) ( ) ( ) ( )
The final boundary constraints of the states can be discretized and approximated via Gauss quadrature: [14] 
where ω k is the Gauss weights. The integral term in the cost function can also be approximated with a Gauss quadrature: [14] 
The nonlinear boundary constraint is
Trajectory Optimization
The range is an important performance index for gliding vehicles. In this article, the optimal performance index of a gliding vehicle is selected as the maximum range. Suppose that the earth is a perfect sphere, the calculation formula of distance between any two points on the earth is expressed as: 
where R e is the radius of the earth and it usually equals 6371393m, θ 0 and ϕ 0 are longitude and latitude respectively in the initial time, θ f and ϕ f are longitude and latitude respectively in the terminal time. Then, the optimal performance index of the gliding vehicle is denoted by:
(23) The trajectory optimization problem is actually the optimal control problem and can be described as follows: Given the initial condition of the vehicle, guide the vehicle to the farthest point with prescribed condition under the state constraints and terminal constraints while satisfying all the control constraints. [15] For the gliding vehicle, the flight trajectory can be changed by controlling its angle of attack and bank angle. If the angle is too small, the vehicle will not get enough lift. If the angle of attack is too big, the vehicle will stall. Similarly, the bank angle is neither too big nor too small. In this article, the angle of attack and bank angle will be limited to find out the change rule of the flight constraint. [16] Table 1 shows the lower and upper limit of state variables and control variables. 
State variables
Control variables
Upper limit  10000  180  70  500  2  180  15  80   Table 2 shows the terminal state variables of the vehicle.
461 Table 2 . Terminal condition of the vehicle.
Terminal state variables Values
The goal of this article is to find the maximum range of the gliding vehicle by means of Gauss Pseudo-spectral Method. The gliding vehicle researched in this article has no power system and can achieve the control of velocity by adjusting the flight height or manipulating control surface. [17] During the whole flight, the state of the vehicle is greatly influenced by its attitude, velocity and atmospheric environment at initial position. This article will research the influence of different initial velocities on the trajectory optimization. Table 3 lists three different initial conditions and their only difference is velocity. And then, according to different initial conditions, the respective optimization trajectories can be obtained through the program simulation. Table 4 shows the longitudes and latitudes of vehicles at terminal condition. Ranges calculated by the calculation formula of distance between any two points on the earth are also shown in Table 4 . It can be seen from Fig. 1 that in the initial stage and final stage of the flight, angle of attack changes violently to accommodate the initial and terminal constraints. However, in the middle of the flight, angle of attack barely changes. It is assumed that the vehicle has already adjusted its altitude and flies smoothly. The simulation results show that angle of attack is about 3.9° in the middle of the flight regardless of the initial state. According to the definition of lift-to-drag ratio and the fitting formulas of lift coefficient and drag coefficient, it can be calculated that when angle of attack is 3.85°, the lift-to-drag ratio of the vehicle reaches its maximum. So, it can be speculated that the gliding vehicle must spend long time flying at the maximum lift-to-drag ratio in order to get the maximum range. Fig.  2 shows that trend of change of velocity is consistent no matter what the initial state is. Also, as long as the initial velocity is constant, other factors have limit impact on the velocity of the gliding vehicle. Table 4 shows ranges under different initial conditions. It can be seen from Table 4 that range of the gliding vehicle changes significantly. It can be inferred that the initial velocity has greater impact on the range of the unpowered gliding vehicle compared to other factors.
Different Initial Velocities

Summary
In this article, Gauss Pseudo-spectral Method is used to optimize the trajectory of the gliding vehicle under different initial conditions.
The result shows that in order to maximize the range, it is important to ensure that angle of attack satisfies the maximum lift-to-drag ratio in a long time after recovery for a gliding vehicle. In addition to this, increasing initial velocity is also beneficial to the increase of range.
It can be seen from the research of this article that it has a good effect to solve the problem of trajectory optimization with multi-constraint by using Gauss Pseudo-spectral Method.
